Logarithms — definition and properties

log, b=x<b=a", (a>0,a#0)

Important: b > 0 is the most common condition, which we set. Alsoa € R,a # l,and a >0

b-is numerus (logarithmand), and a is base

The basic properties of logarithm:

1. log,1=0

2. log,a=1

3. log,(xy) =log, x+log, y

4. log, X log, x—log, vy
Y

5. log, x" =nlog, x

6. log . x= lloga X
s

7. log,b-log, a=1—> log, b= 1
log, a
. log, b
8. To switch to a new base c: log, b =——
log,a
9. a"" =bh

— If the base is a = 10, such logarithms are called decimal :  log,, x =1og10
(So, when there is no basis ,it means that is 10)

— If the basis is a = e (e = 2,7 ),then such logarithms called natural : log, x=Inx

Must be careful to record:

(log, x)’ =log? x =1log, x-log, x

log, x> =log, x-x=2log, x

Discover the properties of logarithm through the following examples:



Calculate:

1) log,1="? log;1=0
log,1="? log,1=0
log, 1=? log, 1=0

2 2
logl="? logl =0
In1="? In1=0

All these logarithms have a solution 0 , because: log, 1=0

D og,12=2 log,, 12 =1
2 2
log, —=7? log, —=1
33 33
logl0="? logl0 =1
loge="? loge=1

All these logarithms for the solution have 1, because : log, a =1

3) a) log, 2 +log,3="
b) log,, 2 +1log,,5+1og,,3="?
Take property 3: log, (xy) =log,x+log,»  So:

a) log, 2+log,3=1og.(2-3) =log, 6 = ( property 2.)=1

b) log,,2+log,,5+1log,,3 =1log,,(2-5-3) =log,,30=1

4)
a) log;10+1log,2="7
b) log, 20 +1log,10="?

Take property: log, x—log, y =log, X
y
10
a) log;10 —log; 2 = log; 5" log;5=1

b) log, 20-1log, 10 =log, % =log,2 =1



3)

6)

a) log,8="?
b) log; — : =? Here we use log, x—log, y =log, X
125 y
c) log, Ya> =7 Reminder: ¥a" = —-=a"
m a
a)
log,8=log,2’ =3log,2=3-1=3
b)
1 1 3 B
log; 5 logs — e =log,5" =-3log; =-3:1=-3
c)
2 2
log, Ya® =log, a ——10 a=—-1=—
8. 8.4 5 8. 5 5
a) log,,3="?
b) log 52="?

c) log 527="

a)
logg, 3=log,, 3= i10g33_%1:%
b)
log 3 2= log , =%10g22=2-1:2
2
c)

log 527 =log , 3° :3-%10g33:3-2-1:6
32 -

2



7)
a) log,2-log,5="7
b) logl5-log,;10="?

Solutions are log, 2-log, 5=1 and logl5-log,;10 =1, because log,  b-log, a =1

8)
a) log,2-log,3-log, 4-log,5-log, 6-log, 7="?
b) If log;2=a and log,3=5b, calculate log, 100="7?

Here we apply the switch to the new basis: log, b= Iog_cb
og.a

Go, for example, to take the new basis10, then: log, 2 = 1Oiz; log,3= log3
log3 log4

logS logd log$ logb 1
SO: 10g32,10g43.10g54.10g65-10g76-10g87:;z-1 4?};1 6Mﬁifz:
_log2

9 oo

g1
3

=log;2=log,, 2 =%10g2 2 :%

log8

b

) log.2=a A log;3=>b log,s100="?

log;100
log, 45 -
_ log,10°  2logs10 _210g5(5-2)_2(log55+10g52)
T log,(5-9) log,5-log9 1+log,3>  1+2log,3

~ 2(1+logs2) 2(1+a)

"~ 1+2log3  1+2b

log,; 100 =( here it is clear that the new basis must be 5) =




9

a) 310g381 — r)
b) 10°¢° =2

So: 3"=* —-81 and 10" =35, because: a"*’ =h

Now , we know the basic properties , we will introduce other types of tasks:

1) Find logarithms for basis 10:

a) A=22
z
2. .3

Y

5
z

oco x

b
& D-y5xy’

X

b) B=

Solution:

b)

2 3
X -y
ZS

log B =log =log(x*-y’)—logz’ =logx’ +logy’ —logz’ =

=2logx+3logy—5logz



b

3 1 2 1
logC = log%= logi/;—log({/y-\/;): log x* —(logy5 +logzzJ =
Y oAy

n 1
Take heed: Va" =a™, \/_:a2

—llo x—glo —llo z
3 g 5 gy ) g

d)
D =3/5x"y’
1 4
D =13/5x*} :3\/53\/?%/?:53 X3y
4

1

logD = log(S3 -x3-yj

=§10g5+§10gx+logy

2) Solve the equations (“by x”):

a) logx =log4+2log5+log6—logls

b) logx+log3=2logr+logz+logH
c) 2logx—3loga :10g5+logb+%logc

Solution:
a)
logx =log4 +2log5+1log6—logl5
logx:10g4.25'6
15
logx = log@
15
log x =log40

x=40



b)
logx+log3=2logr+logrz+log H
log(x-3) =logr’ +logz +log H
log(3x) = log r* zH

3x=r’nH
riaH
X =
3

2logx—3loga =log5+logh +%logc

1
logx® —3loga’® =log5+logh +logc?
2

logx—3=10g5-b-\/z
a

2
= 5he
a

x? =5a3b\/z
X = 5a3b\/g

3) If log,7=a and log,,5=> Calculate log,, 28 ="7?

Solution:

This is the type of tasks where we need to take a new basis, of course, it will be 14.

196
_log, 28 log, 7 _log,,196—log,,7 log, 14’ —log,, 7

log,, 28 = = =
log,,35 log,(7-5) log,7+log,5 log,, 7+log,, 5

_ 2log,,14—-log,,7 2-a
log,, 7+log,,5 a+b




